We introduce an invariant of the hyperbolic 3-manifolds which appears in the K-theory of certain C*-algebras. Namely, such an invariant is essentially the integral order in an algebraic number field K with a fixed equivalence class of ideals in the ring of integers of K. The C*-algebras in question are the crossed product C*-algebras attached to the monodromy transformation of the 3-manifolds which fiber over the circle. Our approach bridges topology with the number field theory. In particular, we conjecture a volume formula for the 3-manifolds in terms of the arithmetic of the field K.
Introduction
Let X be a surface of genus g ≥ 1 and ϕ : X → X a diffeomorphism of X. We shall study the 3-dimensional manifolds, M 3 ϕ , which are surface bundles over the unit circle with the monodromy ϕ. Denote by Mod X = Dif f (X)/Dif f 0 (X) the mapping class group of X. Any pseudo-Anosov (non-periodic) diffeomorphism ϕ ∈ Mod X defines a pair of measured foliations, F = {F s , F u }, whose leaves are stable and unstable curves of ϕ and Sing F consisting of n-prong saddles points. Consider a crossed product C * -algebra
where C(X) is commutative C * -algebra of the complex valued functions on X. It is not hard to see that A ϕ is isomorphic to the foliation C * -algebra C * (X/F ) on the one hand, and the group C * -algebra C * red (G), where G = π 1 X ⋊ ϕ Z to the other. The C * -algebra A ϕ is topologically important by the following reason.
Let M 3 → S 1 be a 3-dimensional manifold which fibers over the circle ( [6] , [7] , [10] , [13] , [17] , [18] , [19] , [20] et al). In this case X is a fibre and M 3 itself is homeomorphic to the mapping torus:
where ϕ ∈ Mod X is a "monodromy" of the fibration. For example, if ϕ is periodic then M 3 ϕ is a Seifert manifold. The most interesting case is when ϕ is pseudo-Anosov. Then M 3 ϕ admits a hyperbolic metric which is highly sensitive to the asymptotic characteristics of ϕ ( [19] ). This observation was leading for us, since the set of projections in the C * -algebra A ϕ encodes perfectly well (via the K-theory) the asymptotic characteristics of ϕ. Moreover, by the Mostow-Margulis rigidity every metric invariant of M 3 ϕ is in fact topological one.
The K-theory of A ϕ is known to be Bott periodic with K 0 ≃ Z n , and
where n is positive integer depending on the genus of X and the number of the periodic points of ϕ. It is typical that neither K 0 -nor K 1 -group depend on ϕ, thus they alone aren't sufficient to classify A ϕ up to any reasonable isomorphism. What does the classification is an ordering specified on the abelian group K 0 (A ϕ ). Roughly speaking, the ordering describes the set of projections (idempotents) in the stable C * -algebra A ϕ . Up to an orderisomorphism, this ordered abelian group is a complete invariant of the C *algebra A ϕ ( [16] ). We refer to the ordered K 0 -groups as dimension (Elliott)
groups. The C * -algebras whose dimension group determines uniquely the C * -algebra itself, are called the AF C * -algebras.
Since K 1 (A ϕ ) = 0, A ϕ is not AF , but contains an embedded AF C *algebra A 1 and can be embedded into a bigger AF C * -algebra A 2 :
Remarkably, the algebras A 1 , A 2 and A ϕ have the order-isomorphic K 0groups, and for this reason we refer to A ϕ as "almost" AF C * -algebra. The fundamental feature of A ϕ is a "self-similarity" of the set of projections: the dimension group of A ϕ is essentially stationary. This fact follows immediately from the existence of the Markov partition for ϕ or, equivalently, from the "train-track" decomposition of ϕ. The aim of present note are the following two theorems.
Theorem 1 Let ϕ ∈ Mod X be a pseudo-Anosov diffeomorphism of surface X of genus g ≥ 2 whose invariant foliation has m singular points. Then the dimension group
(ii) stationary, i.e. the positive cone K + 0 (A ϕ ) is the inductive limit of the simplicial groups
where A is an integer matrix with the positive entries defined upon the Markov partition of ϕ. The structure of the paper is as follows. The reader is supposed familiar with the basics of algebraic numbers, K-theory of C * -algebras and geometric topology as exposed respectively by Koch ([11] ), Rørdam, Larsen & Laustsen ( [16] ) and Thurston ([19] ). For otherwise, a brief coverage of these topics is given in Section 2. We prove Theorems 1 and 2 in Section 3. A volume conjecture is formulated in Section 4.
Notation
In this section we introduce some facts from number theory, hyperbolic geometry and K-theory of the C * -algebras. Our exposition is necessarily eclectic, but we hope that the reader will be able to recover the missing parts from ( [11] ), ( [16] ) and ( [19] ).
Geometry of 3-manifolds
Let X be a compact oriented surface of genus g ≥ 2. Denote by Mod X = Dif f X/Dif f 0 X the mapping class group of X, i.e. the group of isotopy classes of the orientation preserving diffeomorphisms of X. According to the results of J. Nielsen and W. Thurston, the following is true. Proof. See ( [19] ).
Consider the following 3-dimensional manifold (the "mapping torus"): 
Number fields
Let Q be the field of rational numbers. Let α ∈ Q be an algebraic number over Q, i.e. root of polynomial equation a n x n + a n−1 x n−1 + . . . + a 0 = 0, a n = 0,
where a i ∈ Q. A (simple) algebraic extension of degree n is a minimal field K = K(α) which contains both Q and α. Note that coefficients a i can be assumed integer. If K is an algebraic extension of degree n over Q, then K is isomorphic to n-dimensional vector space (over Q) with basis vectors {1, α, . . . , α n−1 } ([11]).
Ring of integers
Let K be an algebraic extension of degree n over Q. The element τ ∈ K is called algebraic integer if there exits monic polynomial
where a i ∈ Z. It can be easily verified that the sum and product of two algebraic integers is an algebraic integer. The (commutative) ring O K ⊂ K is called ring of integers. Elements of subring Z ⊂ O K are called rational integers. One of the remarkable properties of O K is the existence of an integral basis. Such a basis is a collection ω 1 , . . . , ω n of elements of O K whose linear span over rational integers is equal to O K . Integral basis exists for any finite extension and therefore O K is isomorphic to integral lattice Z n , where n is the degree of field K ([11]).
Orders in the ring of integers
Let K be an algebraic number field. A ring Λ in K is called an order if it satisfies the following properties:
• K is the quotient field of Λ;
• the additive group of Λ is finitely generated.
An immediate example of the order is the ring
Note that the additive structure of Λ turns it to a lattice of the rank r. In what follows we consider the orders Λ such that r = n, where n is the degree of the field K.
K-theory of C * -algebras
By the C * -algebra one understands a noncommutative Banach algebra with an involution ( [16] ). Namely, a C * -algebra A is an algebra over C with a norm a → ||a|| and an involution a → a * , a ∈ A, such that A is complete with respect to the norm, and such that ||ab|| ≤ ||a|| ||b|| and ||a * a|| = ||a|| 2 for every a, b ∈ A. If A is commutative, then the Gelfand theorem says that A is isometrically * -isomorphic to the C * -algebra C 0 (X) of continuous complexvalued functions on a locally compact Hausdorff space X. For otherwise, A represents a "noncommutative" topological space X. . The Grothendieck completion of A + to an abelian group is called a K 0 -group of A. The functor A → K 0 (A) maps the unital C * -algebras into the category of abelian groups so that the semi-group A + ⊂ A corresponds to a "positive cone" K + 0 ⊂ K 0 (A) and the unit element 1 ∈ A corresponds to the "order unit" u ∈ K 0 (A). The ordered abelian group (K 0 , K + 0 , u) with the order unit is called a dimension (Elliott) group of C * -algebra A.
K 0 and dimension groups

AF C * -algebras
An AF (approximately finite-dimensional) algebra is defined to be a norm closure of an ascending sequence of the finite dimensional algebras M n 's, where M n is an algebra of n×n matrices with the entries in C. Here the index
be a chain of algebras and their homomorphisms. A set-theoretic limit A = lim M n has a natural algebraic structure given by the formula a m +b k → a+b;
. . = Const the AF C * -algebra is called stationary. The positive cone K + 0 of a stationary AF algebra is given by the limit:
where A is an invertible integer matrix with the positive entries and the positive cone on each step is simplicial, i.e. an image of the positive quadrant of Z n ([4]), ([16] ).
Classification of stationary dimension groups
Let (K 0 (•), K + 0 (•), u) be a stationary dimension group given by a matrix A with the non-negative integer entries. Then a certain power of A has strictly positive entries, and we always suppose that A has this property. Denote by λ A the maximal eigenvalue of A. (Such a number is always a real algebraic integer, even an algebraic unit, provided det A = ±1.) By the Perron-Frobenius theory λ A is unique and λ A > 1. If A is a Markov partition of a pseudo-Anosov diffeomorphism ϕ, then the dilatation factor of ϕ equals λ A . Let us recall the following remarkable result due to Bratteli-Jorgensen-Kim-Roush ( [3] ), Effros ([4] ) and Handelman ([8] ). (i) Let F be a foliation on X such that Sing F is non-empty and consists of the n-prong saddle points, where n ≥ 3. F is called minimal whenever the closure of every non-singular leaf of F is the entire X. We restrict to minimal foliations only. It is known that F is a canonical suspension over an exchange transformation on n intervals, see Veech ([21] ). The number n is defined from Veech's formula ( [21] ):
where g is genus of X and |Sing F | the number of saddle points of the foliation F . On the other hand, it was shown by Putnam that the rank of K 0 (C * (X/F )) equals n, see ( [14] ). Now let F be an invariant foliation of a pseudo-Anosov diffeomorphism ϕ. (Note that F is minimal in this case.) By definition, A ϕ is canonically isomorphic to C * (X/F ). Item (i) follows.
(ii) This fact is due to Krieger ([12] ), if one identifies ϕ with its Markov's partition given by a matrix A. (It was proved by Laudenbach that the latter partition always exists.) We wish to re-establish (ii) in a more algebraic number theory setting.
Let us outline our proof. The "size" of an equivalence class of projections in the (stable) C * -algebra A ϕ ∼ = C * (X/F ) is a real number represented as a linear combination over Z of the following "fundamental periods":
Here γ 1 , . . . , γ n are generators of the homology H 1 (X, Sing F ; Z) and F is equipped with a transverse Lebesgue measure µ. The integration is taken with respect to the measure µ. Since ϕ acts on F by "rescaling" distances between leaves by factor λ A > 1 (a dilatation factor), we conclude that λ ′ 1 = λ A λ 1 , . . . , λ ′ n = λ A λ n , and therefore all sizes of the equivalence classes of projections will gain the same factor. Thus we get a non-trivial positive automorphism of a dense subgroup
of the real line, the automorphism generated by λ A . (This is indeed an automorphism, since ϕ sends leaves to leaves of foliation F .) But a nontrivial automorphism of dense abelian subgroup of R exists if and only if real numbers λ 1 , . . . , λ n , λ A belong to an algebraic number field K = Q(λ A ), see ( [5] , p.402). By an intrinsic characterization of the stationary dimension groups ([8]), we conclude that (K 0 (A ϕ ), K + 0 (A ϕ ), u) is a stationary dimension group.
Let us pass to a step-by-step argument. Denote by F a minimal foliation on X. By the Veech construction ( [21] ), F is a canonical suspension of an exchange transformation on n = 2g + m − 1 intervals. Denote the lengths by λ 1 , . . . , λ n . Note that λ i = γ i F dµ for a Lebesgue measure µ on the transversals to F and a basis {γ i } n i=1 in the relative homology group
On the other hand, the range of the canonical trace on the equivalence classes of projections of the stable C * -algebra C * (X/F ) is a dense subset of the real line given by the formula λ 1 Z + . . . + λ n Z. The pull-back of positive reals in this subset defines a positive cone K + 0 (C * (X/F )). Let us assume that F is a ϕ-invariant foliation on the surface X. It is known that if µ is a Lebesgue measure on the transversals to F , the action of ϕ "scales" F by a dilatation factor λ A > 1:
The factor λ A is the Perron-Frobenius eigenvalue of the integral matrix A obtained as the result of the Markov partition of ϕ. Let us study the effect of ϕ on the intervals λ i . It is clear that λ i will acquire the factor 1 λ A for the stable foliation F , and factor λ A for the unstable one. In both cases, since the foliation is invariant under diffeomorphism ϕ (i.e. ϕ sends leaves to leaves), we conclude that "squeezed" and "stretched" fundamental periods λ i belong to the subset λ 1 Z + . . . + λ n Z. In other words, λ A gives rise to a non-trivial automorphism of a dense abelian subgroup of R. Note that such an automorphism sends positive reals to positive reals, i.e. is an order-preserving automorphism of the dimension group (K 0 (C * (X/F )), K + 0 (C * (X/F )), u). Effros, Handelman and Shen ( [5] , p.402) have shown that the non-trivial order-automorphisms exists in the dimension groups if and only if the "generators" λ 1 , . . . , λ n of the positive cone K + 0 (C * (X/F )) are all integers of an algebraic number field K. Note that we immediately get that K = Q(λ A ), where λ A is the Perron-Frobenius eigenvalue.
On the other hand, the pull-back of a dense subset λ 1 Z + . . . + λ n Z ⊂ R, where λ i are algebraic integers, defines a stationary dimension group (K 0 (C * (X/F )), K + 0 (C * (X/F )), u) by a result of Handelman ([8] ). Item (ii) follows.
Proof of Theorem 2
Theorem 2 is a consequence of the classification of stationary dimension groups and the following technical lemma.
Lemma 4 Let ϕ ′ = hϕh −1 , h ∈ Mod X, be a pseudo-Anosov diffeomorphism conjugate to ϕ. Then
are order-isomorphic as dimension groups and the order units u ′ = u unless h belongs to the Torelli subgroup of the mapping class group.
Proof of lemma 4. Let us outline main idea. Let ϕ be a pseudo-Anosov diffeomorphism and ϕ ′ = hϕh −1 be its conjugate. Note that ϕ ′ is a pseudo-Anosov diffeomorphism. Let F and F ′ be the respective invariant foliations. If one fixes a basis γ 1 , . . . , γ n in H 1 (X, Sing F ; Z), then a new basis under transformation h will be γ ′ 1 , . . . , γ ′ n . The "fundamental periods" of foliation F with respect to new basis are λ ′ 1 , . . . , λ ′ n . Clearly, λ ′ i are linear combination of λ j over Z. At the level of dense subgroups of the real line, we have λ ′ 1 Z + . . . + λ ′ n Z = λ 1 Z + . . . + λ n Z. It can be shown in this way that h sends positive elements to positive elements in this subgroup. That would imply an order isomorphism of the dimension groups mentioned in the theorem.
Let us pass to the construction. As before, we identify the range of the canonical trace on the equivalence classes of projections in C * (X/F ) ⊗ K with the set λ 1 Z + . . . + λ n Z ⊂ R, where λ i = γ i F dµ are the fundamental periods of foliation F .
The automorphism ϕ of X acts non-trivially on the homology (unless ϕ belongs to the Torelli group), by a linear transformation ϕ * . The linear transformation ϕ ′ * , where ϕ ′ = hϕh −1 is a conjugate, can be interpreted as ϕ * written in a new basis for the homology. Thus the conjugates of ϕ correspond essentially to the change of basis in H 1 (X, Sing F ; Z).
Let us calculate the fundamental periods λ ′ 1 , . . . , λ ′ n . Fix a standard basis γ 1 , . . . , γ n in H 1 (X, Sing F ; Z). By the remarks above
where p ij ∈ Z. Using pairing between F and cycles of the first homology group, we can write
In view of the last equation, the following two subsets of the real line coincide:
Note that with an appropriate choice of γ 1 , . . . , γ n , we can always make p ij to be non-negative. (It follows from that fact that each equivalence class of integral matrices contains a non-negative representative.) In particular, we conclude that if λ 1 , . . . , λ n were positive, so will be λ 1 , . . . , λ n . Thus, conjugacy class of ϕ will preserve the positive cone K + 0 (C * (X/F )) in the dimension group (K 0 (C * (X/F )), K + 0 (C * (X/F )), u). It remains to show that the order unit u in the dimension group "drifts" under the conjugacy. Indeed, let ϕ be not in the Torelli group of Mod X. (In other words, ϕ acts non-trivially on the first homology of X.) Note that u maps to 1 by the canonical state on K + 0 (C * (X/F )). Now the "coordinates" of 1 will be different if we express them in terms of new basis λ ′ 1 , . . . , λ ′ n . Therefore, we get a natural action of the conjugacy h on the reals. In particular, under this action 1 will map to a different point of R. Pulling-back this point to K + 0 (C * (X/F )) defines an order unit u ′ which is distinct from u. (Since there are no infinitesimal elements in our dimension group.) Lemma 4 follows.
The order-isomorphism class of the dimension group (K 0 (•), K + 0 (•), u) is defined by the pair (K 0 (•), K + 0 (•)). In other words, the order unit u can be any element in the positive cone K + 0 (•)).
On the other hand, by the result of Hemion ([9] ), the homotopy class of the mapping torus M ϕ is defined by the conjugacy class of the diffeomorphism ϕ. Combining this result with lemma 4, we get the conclusion of theorem 2. Note that if g = 1, the real number field K is a degree 2 extension of Q (a quadratic field). For g ≥ 2, the degree of K equals 2g + m − 1. However, there exists a real quadratic field k, which defines and is defined by K. (In particular, k = K if g = 1.) Let us introduce the field k geometrically.
Volume conjecture
By a slope of the foliation F on surface X one understands an average inclination of the leaves of F with respect to the canonical generators of the homology of X. The slope, θ, is a real number which coincides with the Poincaré rotation number in case g = 1, and generalizes such a number when g ≥ 2. An alternative definition of the slope is via covering surfaces: take a minimal foliation F on genus g ≥ 2 surface X with simple saddles s 1 , . . . , s 2g−2 . Then F canonically projects to a foliation F on the torus T 2 under the covering map X → T 2 with the ramification of order 2 over s 1 , . . . , s 2g−2 . 1 Then θ = θ F , where θ F is the Poincaré rotation number of F . (The case of the non-simple saddles reduces easily to the above general case.)
In particular, when F is an invariant foliation of the pseudo-Anosov diffeomorphism ϕ, the slope θ of F is a quadratic irrationality. We set k = Q(θ) be an extension of degree 2 of the field of rationals. Note that the fields k and K determine each other in a unique sense. Moreover, given k one can recover an equivalence class of the pseudo-Anosov diffeomorphism ϕ up to a finite choices. We suggest the following two conjectures and a problem:
ϕ be a hyperbolic 3-manifold, which is the mapping torus of a pseudo-Anosov diffeomorphism ϕ. Then up to a rational multiple depending on the order Λ ⊆ O K , V ol M 3 ϕ = 2h k log ε √ d , where d is the discriminant, h k the class number and ε > 1 the fundamental unit of the field k.
This conjecture says that hyperbolic volume of the mapping torus M 3 ϕ is a rational multiple of the Dirichlet density of ideals in the number field k. (In particular, when Λ = O K the rational multiple equals 1.) A reason to believe in the volume conjecture stems from the Brauer-Siegel asymptotic formula: h k log ε ∼ √ d as d → ∞. Thus, the hyperbolic volume of M ϕ is bounded away from 0 as a "complexity" d of the pseudo-Anosov diffeomorphism ϕ tends to the infinity. One can reformulate the volume conjecture as follows: Find the hyperbolic volume of the mapping torus M 3 ϕ as a special value of the Dedekind zeta-function ζ k (s) for the number field k.
Conjecture 2 M → V ol M is a finite-to-one function, such that the number of topologically distinct manifolds of the same volume is equal to the class number h k of the field k. This is an generalization of Bianchi's formula for the number "ends" of a hyperbolic orbifold given by the Kleinian group over an imaginary quadratic number field, see ( [1] ). Our conjecture extends the theory to the real quadratic number fields and the hyperbolic mapping tori. Note that by the result of Bowditch, Maclachlan and Reid ( [2] ), there is only a finite number of Bianchi's orbifolds among the mapping tori M 3 ϕ .
Problem 1 Specify a relationship between the number fields k and K.
(It might be reasonable to assume that K is an extension of k.)
